PHYSICAL REVIEW B 81, 125436 (2010)

Equilibrium thermal vibrations of carbon nanotubes
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An understanding of thermal vibrations of carbon nanotubes is key to their application as high-frequency
mechanical resonators. To this end, we calculate the free thermal vibrations of cantilevered carbon nanotubes
using molecular dynamics and explain the resulting power spectral density of the tip displacement with
equilibrium statistical mechanics and continuum beam theory.
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I. INTRODUCTION

Unlike the silicon cantilever in an atomic force micro-
scope (AFM), the thermal vibrations of an anchored carbon
nanotube (CNT) can be significant compared to its radius.'
Experimental measurements of these intrinsic vibrations
along with continuum beam theory allow one to estimate the
CNT’s stiffness.!? Moreover, the thermal vibrations are
closely linked to the resonance properties of the CNT (Refs.
3-6) as they serve as a source of self-excitation and noise in
determining natural frequencies. These resonance properties
play a crucial role in using a CNT cantilever as a nanome-
chanical sensor and have recently enabled the mass measure-
ment of a single gold atom.” Cantilever structures are also a
key component in the AFM, which can manipulate a single
molecule. Efforts to obtain a more sensitive AFM through
smaller cantilevers®® suggests that a single CNT may replace
the usual silicon-based AFM cantilever. A fundamental step
toward this next generation sensor is characterizing the noise
that arises from the thermal vibrations with the intent to ul-
timately mitigate its effects.

To this end, we calculate the free thermal vibrations of a
CNT cantilever with molecular-dynamics (MD) simulations.
Much like early experimental work on AFM cantilevers,®°
we track the CNT’s tip as a function of time and calculate the
Fourier spectrum of its displacement. While previous work
has used MD to investigate other properties of a suspended
CNT,!0-13 this is the first calculation of this thermal vibra-
tional spectrum. Our MD results show a rich diversity of
features not apparent from current experiments, which in-
clude a discrete set of higher-order peaks in addition to a
peak that corresponds to the fundamental mode of vibration.
Inspired by the pioneering work of Treacy et al.,'> we ana-
lyze the spectrum with equilibrium statistical mechanics and
continuum beam theory which provides a coarse-grained
model for the long-wavelength transverse phonons. The Ti-
moshenko beam theory, a generalization of the commonly
used Euler-Bernoulli (EB) theory, provides an excellent
quantitative description of the frequency and intensity of the
discrete peaks of the vibrational spectrum. Moreover, the
MD results also shows finite-temperature features not cap-
tured by continuum beam theory such as the spreading of the
peaks and a scaling at high frequency that indicates diffusive
motion of the tip.
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II. BEAM THEORY

Since understanding the free vibration of a CNT cantile-
ver is essentially a study of its dynamics, we assume that it
behaves like a continuum tube governed by Timoshenko
beam theory.'* For a beam with its primary axis along the x
direction, its kinematics are described by its transverse dis-
placement y(x,7) and its angular rotation ¢(x,7) in the (x,y)
plane for all times ¢. This description applies to both dimen-
sions, y and z, transverse to the beam. These fields must
satisfy Euler’s balances for linear and angular momentum

Ay a ( ﬂ_yﬂ
pAﬁtz__ﬂx{kAG d)_&x ’ )
ro_ 7 ( &_y)
pl 7 _Elaxz - kAG d)—ax , (2)

where p is the density in mass per unit volume, A is the
cross-sectional area, / is the area moment of inertia of the
cross section, and G and E are the shear and Young’s moduli,
respectively. In addition, k is a geometric factor called the
Timoshenko shear coefficient that depends on the shape of
the cross section.!*!> In the Timoshenko theory, the shear
force Q=—kAG(¢—%) results from the difference in the an-
gular rotation and the slope of the displacement. For a can-
tilever of length L, the boundary conditions at the fixed end
correspond to a fixed displacement y(0,7)=0 and rotation
¢(0,1)=0, while at the free end we assume no moment
M(L,t)=— 1%%:0 and a shear force Q(L,t)=f.

We first consider the static deflection of the cantilever due
to a tip force f by setting the time derivatives to zero in Egs.
(1) and (2). For the tip displacement u=y(L), the solution
u:é is linear in the force with spring constant
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in which k=E/(kG) is a measure of the normal stiffness
relative to the shear stiffness and e=L/VI/A is an aspect
ratio for the beam. With the applied force f, the tip can only
be at mechanical equilibrium at u if the rest of the beam
exerts a restoring force —Ku on it. We can assume this force
results from a harmonic potential U= %Ku2 on the tip. In
thermal equilibrium at a temperature 7, the Boltzmann-Gibbs
distribution states that the probability of a displacement u is
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mann’s constant.'® This implies the ensemble average of the
square of the tip displacement is
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As e—x, we recover the result for (u?) derived from EB
theory and used to analyze experiments on the thermal vibra-
tion of a CNT cantilever.'?

To understand the free thermal vibration of the CNT, we
return to the time-dependent motion of the cantilever in Eqs.
(1) and (2) with no force on the free end. Taking the partial
derivative of Eq. (2) with respect to x and using Eq. (1) to
evaluate the partial derivatives of ¢ in the result, we obtain

(92)’ ‘94)’ &2 6!4)7 4‘?4;)7_
aTz z9§4 (1+K)a§2(972+K6 197'4_0' (4)

Here, we use dimensionless length é=x/L, displacement y
=y/L, and time 7=tw in which L is the length of the beam
and w=\EI/(pA)L™? is a characteristic frequency. As the
aspect ratio e— o diverges in Eq. (4), we recover the dy-
namical equation for an EB beam. A similar analysis gives
(?2¢ i s L
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for the angular rotation.

Huang'” derived the separable solutions y(&, 7)=¢™*7Y(&)
and @(&,7)=e"V®(&) to Eqs. (4) and (5), respectively, for
dimensionless frequency (). For low frequencies ()
<&k, Y(é) and ®(§€) are linear combinations of
cosh(aé), sinh(aé), cos(B€), and sin(B¢) with dimensionless
wave vectors

0 e s

Applying the boundary conditions for a cantilever leads to
the characteristic equation
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which reduces to the EB relation 1+cosh a cos @=0 in the
limit %HO of low frequencies and long aspect ratios. The
discrete set of solutions ,Q,,... <€’k % to Eq. (6) give
the characteristic frequencies of a Timoshenko beam. Then
the general solutions for the displacement and rotation are

F(E7) =2 a,e™Y,(8),

sinh a sin =0 (6)

P&, 1) =2 a,e D, (§)

in which a,, is the modal amplitude and
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are the spatial eigenfunctions. Here, «,, 8, are the wave vec-
tors corresponding to the characteristic frequency (), while
the other constants
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also depend on the mode.
The elastic energy of the Timoshenko beam
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has two contributions from the normal and shear stress, re-
spectively. Due to the orthogonality of the spatial eigenfunc-
tions, one can show that U= %EnKnuﬁ is the sum of harmonic
potentials on the tip displacement of each mode u,
=a,LY,(1). This sum over modes is a generic feature of lin-
ear systems.!® Here, the spring constants are
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in which w,=Q,w is the dimensional frequency and m
=pAL is the mass of the beam. The constant N,,
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gives an effective mass N,m for each mode. Using this en-

ergy in the Gibbs-Boltzmann distribution, the thermal ampli-
tude for the n mode is

keT — kyT
L kT
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This ensemble average is the Timoshenko beam theory pre-
diction for the squared amplitude of the nth mode in the
thermal vibrational spectrum. This reduces to the EB result'-?
since Nn—>f¢ as e— ., This amplitude is related to a spectral
intensity,

k
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by (uﬁ)zlu(wn)dw. Here, &(w) is the Dirac delta function.
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III. COMPUTATIONAL METHODS

To simulate a nanotube with molecular dynamics, we con-
struct a (10,10) CNT by first creating a graphene sheet with
a carbon-carbon bond distance d and then rolling it into a
tube with its axis along the x axis. For this CNT, there are
layers of 20 atoms that all have the same x coordinate in the
crystal structure. We construct a cantilever by fixing the po-
sitions of first four layers (80 carbon atoms) at one end of the
tube while the remaining carbon atoms form an uncapped
CNT of length L. The tip position u is the average position of
the last layer of 20 atoms. Since the carbon atoms in our
simulation interact through the Tersoff potential,'®?° we use
d=0.14589 nm because the more common d=0.142 nm
does not correspond to the minimum energy configuration of
this tube structure. This choice of d only affects the clamping
of the tube. We performed MD simulations with d
=0.142 nm for a CNT with L=20 nm and 7=300 K and
obtained the same results within error for all quantities pre-
sented in this work.

We use the stochastic Andersen thermostat®! to generate
states from the canonical ensemble at constant temperature.
We also tried the deterministic Nose-Hoover algorithm to
equilibrate the system but we encountered long relaxation
times in the tip displacement due to the tendency for ballistic
phonon transport in CNTs.?? The Andersen thermostat, which
changes the velocity of particles by choosing a new velocity
from a Maxwell-Boltzmann distribution, promotes mixing of
the phonon spectrum and a short relaxation time for the tip
displacement. For CNTs of length 20 and 50 nm, the veloci-
ties of all carbon atoms change every 10 ps and 60 ps, re-
spectively, which is approximately the period of the funda-
mental mode of vibration.

To calculate the thermal vibrational spectrum of a CNT,
we use the states from the canonical ensemble as initial
conditions for trajectories with constant energy dynamics.?®
This method of first sampling the ensemble and then per-
forming a simulation according to the true Newtonian dy-
namics is standard in the study of liquids.?* Trajectories for
CNTs of length 20 and 50 nm lasted 1 ns and 2 ns, respec-
tively. For each state j in the ensemble, the tip displacement
u;(t;) is sampled at 10 fs intervals during the constant energy
dynamics. Since the tip displacement is the average over the
positions of 20 carbon atoms, radially symmetric modes are
filtered out. The thermal tip displacement spectrum is
(|u(w)=N"ZL [u(w)* in which u;(w,) is the normal-
ized Fourier transform of u(¢;). Here, N=30 is the number of
initial states from the ensemble for both the 20 and 50 nm
tubes. This ensemble average {|u(wy)|*) will be compared
with the theoretical result in Eq. (8).

IV. RESULTS

The discrete points with error bars in Fig. 1 are MD re-
sults for the vibrational spectrum. Figures 1(a) and 1(b) cor-
respond to a 50 nm CNT at 7=300 K and a 20 nm CNT at
T=700 K, respectively. Both spectra clearly have distinct
peaks. The shorter CNT has a fundamental peak at a higher
frequency; the shift in frequency is consistent with the char-
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FIG. 1. (Color online) The thermal vibrational spectrum for (a)
a 50 nm CNT at T7=300 K and (b) a 20 nm CNT at 7=700 K. The
range of the axes in both plots is the same to facilitate comparison.
In addition to the MD results, we display results from the Timosh-
enko and Euler Bernoulli beam theory. For the Timoshenko results,
the width of the impulse is the error in the frequency prediction that
results from uncertainty in estimating the flexural rigidity EI. The
total intensity is the sum over the spectral intensity of the peak.

acteristic frequency w=\EI/(pA)L™2. Both spectra also dis-
play a series of higher-order peaks with increasing frequency,
a feature we will soon relate to the beam characteristics of
the CNT. At frequencies larger than the fundamental peak
but between neighboring peaks, the spectrum scales as w2, a
characteristic of Brownian motion. Hence, the ensemble av-
eraged dynamics of the tip at w> w, is apparently diffusive
with additional intensity due to the beam resonances of the
CNT.

We would also like to make a quantitative comparison of
the beam theory with the MD results. Since the predicted
frequencies are proportional to the characteristic frequency
w=\EI/(pA)L™%, we must first determine the flexural rigid-
ity EI. Since Eq. (3) implies that EI is related to (u?) as a
function of 7, we show this plot for a 20 nm CNT in Fig. 2.
As dictated by the theory in Eq. (3), the best-fit line is con-
strained to pass through the origin. To obtain a numerical
estimate for EI, we assume the nanotube is an inﬁnitelxthin
cylinder. This implies an aspect ratio of e=\2L/R
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FIG. 2. (Color online) The thermal vibration width in nanometer
squared versus temperature in Kelvin for a 20 nm tube. A best-fit
line from a weighted least-squares analysis gives an intercept of
1.6608 X 10~ nm? with an error of 1.4724 X 10~ nm?, confirming
the linear hypothesis in Eq. (3). The best-fit line shown in the figure
is constrained to have zero intercept.

~40.4061. The theory of Cowper!’ gives xk=4+3v for an
infinitely thin cylinder; using a Poisson ratio »=0.21, a me-
dian representative value® taken from one of many existing
theories, we obtain k=4.63. These values give a flexural ri-
gidity of EI=4.0806 X 1072 N m?. It is not possible to com-
pare this result with previous estimates of the Young’s modu-
lus E since /=0 for an infinitely thin cylinder. However, if
we analyze our data using the common assumption that the
thickness of the tube is 0.34 nm, the interlayer spacing of
graphene, we obtain an estimate of E=1.070 TPa. This
value is in the range of values reported in previous experi-
mental and computational work.?®

In Fig. 1, the discrete impulses correspond to the modal
frequencies of beam theory w,=,L-¥*VEI/m according to
the Timoshenko theory while the green points are the EB
theory. Since our classical approximation'¢ for each mode is

only valid for IZ—‘;< 1, we show results for the Timoshenko

and EB beam theories for :T"}<0.05. To within the error of
our estimate of EI, given by the width of each impulse, the
Timoshenko results accurately predict the location of the cor-
responding spectrum peak. The EB results are quantitatively
similar to the Timoshenko results for the longer 50 nm CNT
and at the fundamental mode of both CNTs due to the small
Qe? limit of Eq. (6). However, the EB theory shows signifi-
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cant discrepancies from the MD data at higher frequencies.

We also use Eq. (8) to predict the amplitude <uﬁ> of each
mode. For the Timoshenko theory, this requires numerical
quadrature to evaluate N, in Eq. (7). In the limiting EB
theory, N, =7 so the amplitude scales as (%) ~ w2 To make
a comparison of an undamped beam theory with the MD
results, we must account for the spreading of the peaks that
results from the anharmonic interaction of phonon modes. In
Fig. 1, we display a total intensity of each spectrum peak that
corresponds to summing the spectrum between the midpoints
to the two adjacent peaks, the discrete analog of integrating
over the spectral intensity in Eq. (9). The Timoshenko results
are remarkably accurate in predicting this total intensity of
the MD results while the EB theory gives accurate results for
the longer 50 nm CNT and at lower frequencies. Moreover,
this analysis of the MD data shows that 97% of the total
spectral intensity resides in the fundamental mode for the 20
and 50 nm CNTs. This result is confirmed by the Timosh-
enko theory in Eq. (8) for tubes of this length as well as by
the limiting EB theory.?

V. DISCUSSION

To conclude, we return to the relationship between the tip
vibrational spectrum and noise. For a cantilever, it is com-
mon assume the tip behaves as a harmonic oscillator corre-
sponding to the cantilever’s fundamental mode.?” Within this
model, the higher-order modes can be seen as a source of
noise on the primary mode that arise from weak interactions
between the modes. This noise causes the spreading and pre-
sumably shifting of the first peak in the spectrum that must
be taken into account. Given the effects of these high-
frequency features, it is important to make experimental
measurements of the vibrational spectrum of the tip well
above the first harmonic. This should be possible using the
field emission properties of a CNT that have been employed
in a radio” and a mass sensor.’
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